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2 Definitions of proportions of ezplained variance in two-level models
multiple linear regression, the customary R? parameter can be introduced
in several ways: e.g., as the maximal squared correlation coefficient between
the dependent variable and some linear combination of the predictor vari-
ables, or as the proportional reduction in the residual variance parameter
f due to the joint predictor variables. A very appealing principle to define
measures of modeled (or explained) variation is the principle of proportional
reduction of prediction error. This is one of the definitions of R? in multiple
linear regression, and can be described as follows. A population of values
is given for the explanatory and the dependent variables, (Xys, ..., X4, Y:),
with a known joint probability distribution; 8 is the value for the vector v
for which the expected squared error

q
E(Y; - th Xni)?
h=0

is minimal. (This is the definition of the ordinary least squares (‘OLS’)
estimation criterion.) (In this equation, vg is defined as the intercept and
Xoij = 1 for all 4,5.) If, for a certain case i, the values of X\;,..., X4 are
unknown, then the best predictor for Y; is its expectation £(Y ), with mean
squared prediction error var(Y;); if the values Xy, ..., Xy are given, then the
linear predictor of ¥; with minimum squared error is the regression value
Y1 Br Xni. The difference between the observed value Y; and the predicted
value ), Bn X is the prediction error. Accordingly, the mean squared
prediction error is defined as

EY: = Y B Xn)
h

The proportional reduction of the mean squared error of prediction is the
same as the proportional reduction in the unexplained variance, due to the
use of the variables X; to X;. In a formula, it can be expressed by

B - var(Y:) — var(Yi — 3, BnXhi)
B var(Y;)

var(Yi — 3, BaXni) |
var(Y;) !
this formula expresses one of the equivalent ways to define R?.

The same principle can be used to define ‘explained proportion of vari-
ance’ in the hierarchical linear model. For this model, however, there are
several options with respect to what one wishes to predict. Let us consider a
two-level model with dependent variable Y. In such a model, one can choose
between predicting an individual value Y;; at the lowest level, or a group
mean Y ;. On the basis of this distinction, two concepts of explained pro-
portion of variance in a two-level model can be defined. The first, and most
important, is the proportional reduction of error for predicting an individual
outcome. The second is the proportional reduction of error for predicting a
group mean. To elaborate these concepts more specifically, first consider a
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two-level random effects model with a random intercept and some predictor
variables with fixed effects but no other random effects:

g
Yii=vn+ Z’Y}, Xni; + Uo,‘ + Rij . i (7.1)
=1
Since we wish to discuss the definition of ‘explained proportion of variance’
as a population parameter, we assume temporarily that the vector v of
regression coefficients is known.

Level one

For the level-one explained proportion of variance, we consider the predic-
tion of Y;; for a randomly drawn level-one unit ¢ within a randomly drawn
level-two unit j. If the values of the predictors X;; are unknown, then the
best predictor for Y;; is its expectation; the associated mean squared pre-
diction error is var(Y;;). If the value of the predictor vector X;; for the
given unit is known, then the best linear predictor for Yj; is the regression
value Y 7 _o Y Xhij (where Xpo; is defined as 1 for all A, j.) The associated
mean squared prediction error is

var(Yi; — Z‘)’h Xpij) =0 + 18 .
h

The level-one explained proportion of variance is defined as the proportional
reduction in mean squared prediction error:

var(Yi; — > p Yn Xnij)
var(Y;;) '

Now let us proceed from the population to the data. The most straight-
forward way to estimate R? is to consider 4% + 72 for the empty model,

Yij=v + Uy + Eyj , , (7.3)
ag well as for the fitted model (7.1), and compute 1 minus the ratio of these
values. In other words, R? is just the proportional reduction in the value
of 6% + 7¢ due to including the X-variables in the model. For a sequence
of nested models, the contributions to the estimated value of (7.2) due to
adding new predictors can be considered to be the contribution of these
predictors to the explained variance at level one.

To illustrate this, we once again use the data from the first (balanced)
example, and estimate the proportional reduction of prediction error for a
model where within-group and between-groups regression coefficients may
be different. :

Table 7.2 Estimating the level-one explained variance (balanced data).

~2 ~2

o 0
A.Y;; = fo + Uoj + E;j 8.694 2.271
D.Yi; =0+ b(Xi; —X;)+B X ;+Uo; + E;; 6973 0.991
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from Table 7.2 we see that 32+ 72 for model (A) amounts to 10.965, and for
fipodel (D) to 7.964. R} is thus estimated to be 1 — (7.964/10.965) = 0.274.

vel two ,

he level-two explained proportion of variance can be defined as the pro-
prtional reduction in mean squared prediction error, for the prediction of
j for a randomly drawn level-two unit j. If the values of the predictors
nij for the level-one units i within level-two unit j are completely un-
§ known, then the best predictor for Y ; is its expectation; the associated
f mean squared prediction error is var(Y ;). If the values of all predictors
i X1,i; for all 4 in this particular group j are known, then the best linear
| predictor for Y ; is the regression value Y, v X4 j; the associated mean
} square prediction error is

2
- - o
var(Y ; — Z')’h Xnj) = —+ 3,
h

where n is the number of level-one units on which the average is based. The
level-two explained proportion of variance is now defined as the proportional
reduction in mean squared prediction error for ?,,-:
B =1- 25 = L Xng) (7.4)
var(Y ;)

To estimate the level-two explained proportion of variance, we follow a
similar approach as above: R2 is estimated as the proportional reduction in
the value of 62 /n + 72, where n is a representative value for the group size.

In the example given earlier, let us use for n a usual group size of n = 30.
For model (a) the value of 6 /n+7¢ is 8.694/30 + 2.271 = 2.561, whereas for
model (b) this amounts to 6.973/30 + 0.991 = 1.223. R} is thus estimated
at 1 —(1.223/2.561) = 0.52.

It is natural that the mean squared error for predicting a group mean
should depend on the group size. Often one can use for n a value which
is deemed a priori to be ‘representative’. For example, if a normal class
size is considered to be 30, and even if because of missing data the values
of n; in the data set are on average less than 30, it is advisable to use
the representative value n = 30. In the case of varying group sizes, if it is
unclear how a representative group size should be chosen, one possibility is -
to use the harmonic mean, defined by N/{}_;(1/n;)}. v

It is quite common that the data within the groups are based on a sample
and not the entire groups in the population are observed, so that the group
sizes in the data set do not reflect the group sizes in the population. In such
a case, since it is more relevant to predict population group averages than
sample group averages, it is advisable to let n reflect the group sizes in the
population rather than the sample group sizes. If group sizes are very large,
e.g., when the level-two units are defined by municipalities or other regions
and the level-one units by their inhabitants, this means that, practically
speaking, R2 is the proportional reduction in the intercept variance.
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